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On the Central Limit Theorem for Aperiodic
Dynamical Systems and Applications
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f (X,A,u,T) is an aperiodic dynamical system, then there exists f € L2(u)
with [ fdu =0 satisfying the central limit theorem:
) dv
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as n — oo, for all v € R . The method of proof is based on Burton-Denker’s
construction [1] which in turn relies upon Kakutani-Rochlin’s lemma and imitates
the analogous result for irrational rotations of the unit circle which is obtained by
using Fourier series. A fundamental fact in the background of the entire construction
is provided by using Rochlin’s result on a factor space of Lebesgue space. The final
step in the proof uses a variant of Berry-Esséen’s theorem. In addition, the result is
extended to a more general case involving orbits of aperiodic dynamical systems. A
complete description of weak Gaussian limits in this case is obtained. Applications to
the Gaussian GB concept in the study of almost everywhere properties of sequences
of linear operators on L?(p) are given.
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1. Introduction and preliminary results

A main purpose of the paper is to exhibit a real valued function f defined on the phase
space X of a given aperiodic dynamical system (X, A, x,T) such that the natural long-term
ratio satisfies the central limit theorem:

) dv

n—1

Yo 2= DI T7 f(x) / eXp

1> Tif ||z \/_
as n — oo, for all v € R . For the meaning and importance of this problem, as well as for the
historical background, we refer the reader to the original Burton-Denker’s paper [1]. It appears,
however, that the original proof of (1.1) contains a mistaken argument, see the proof of Lemma
4 (p.722) in [1], and the present paper is partly devoted to its amendment, see Proposition 1.1,
Corollary 1.2 and Remark 1.3 below. In the rest of the paper we present a modified construction
of the desired function and some of its extensions and applications. To conclude the preliminary
part of this section we use the opportunity to mention M. Kac as an initiator of investigations on
the central limit theorem in dynamical systems, see [7] with discussion and references, while for
recent results in this direction we refer to [10] with references. Besides these contributions, we
would also like to point out [4], [6] and [12] where some classical facts on the subject appeared.
For recent results related to [4] we refer to [13].
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We recall that (X, A, u,T) is said to be a dynamical system, if (X, A, ;) is a Lebesgue
space, and T 1is a measure-preserving transformation of X . Let us clarify that a complete finite
measure space is called a nonatomic Lebesgue space, if it is isomorphic (mod 0) to the ordinary
Lebesgue space ([0,7], £([0,7]),A) for some ~ > 0. In other words, there exist sets of measure
zero Z; C X and Zy C [0,7], and a measurable bijection v : X \ Z; — [0,7] \ Z2 , such
that v~' is measurable and p = Ay . A nonatomic Lebesgue space joined with finitely or
countably many point masses of finite total mass is called a Lebesgue space. Note that, when we
speak of a Lebesgue space, we always assume that ;(X) = 1 . For basic results concerning
Lebesgue spaces we refer to [2]. In addition, we recall that the given 1" is said to be aperiodic,
if u{xeX | Tra=2}=0 forall n> 1. Itis instructive to observe that in this case the
measure space (X, .A, i) is nonatomic. This fact follows straightforwardly by Poincaré recurrence
theorem, see [S]. It can be also easily verified by using the following well-known and in the sequel
useful result, see [5]:

(1.2)  (Kakutani-Rochlin’s lemma)

If T is aperiodic, then for every ¢ > 0 and for every n > 1 there exists F' € A such
that the sets £, T-Y(F) ... T-("=1)(F) are mutually disjoint, and such that we have:

p(FUTHR)Y U ... uT " D(F) ) >1—¢.

Any set F' € A satisfying the conclusions of (1.2) with the given and fixed ¢ >0 and n > 1
will be called an (£, n)-Kakutani-Rochlin set. The essential fact on such sets needed in the Burton-
Denker construction is proved in Corollary 1.2 below, see also Remark 1.3. The next proposition
establishes the main step in its proof. As a preliminary fact in this direction we recall a well-known
result on Lebesgue spaces due to Rochlin, see [11] (p.31):

(1.3) The factor space of a Lebesgue space with respect to a measurable decomposition is a
Lebesgue space.

In particular, consider as in Proposition 1.1 below, a Lebesgue space (X, A, ;1) and a o-algebra
B without atom, generated by a countable family (Bn>n21 of elements from A . Let ( be the
decomposition of X generated by 5 . That is, we introduce the equivalence relation on X by
putting 2’ ~ 2’ , if and only if 15(2') = 1g(2") forall B€ B,andweput ( ={[z] | r € X}
to denote the set of all equivalence classes. Since for any two points /.2 € X we have
1p(2’) =1p(2") forall B € B, if and only if 1g (') =1p (2") forall n > 1, we see that
¢ is measurable in the sense of Rochlin, see [11] (p.4-5,26). That is, the decomposition ( is
generated by countable family of measurable sets (B),),>1 . Notice that ¢ C B C A . Moreover,
since B is without atom, we have 1 (C) =0 for all C' € (. Hence we easily find that (X, A, i)
is nonatomic. Let (X¢, A¢, pic) be the factor space of (X, .4, ;) with respect to ¢ . That is, we
have Xe={[z] [z € X}, Ac ={A=UpexAl]} A€ A} and p(A) = p(A) for all
Ae A¢ . By (1.3) we know that (X, A¢, ji¢) is a Lebesgue space. Moreover, since B is without
atom, we see that (X, A¢, pi¢) is nonatomic. In other words, the Lebesgue space (X¢, A¢, i)
is isomorphic (mod 0) to the ordinary Lebesgue space ([0, 1], £([0,1]), A) . This fact turns out to
be of a vital importance in step 1 of the proof of Proposition 1.1 below. In the sequel the following
notation is shown useful. Given a finite measure space (X, .4, ) and A € A, the trace of |1 on



A is a finite measure on A , denoted and defined by tr(u, A)(B) = pu(ANB) forall Be A .
If B isao-algebraon X and C' is a subset of X , then the trace of B on C' is a o-algebra
on C', denoted and defined by tr(B,C) ={BnNC | B € B} . Itis instructive to observe,
that if (X,.A, ;1) is a nonatomic Lebesgue space, and A belongs to A with u(A) > 0, then
(A, tr(A,A), p(A)y~r(p, A)) forms a nonatomic Lebesgue space as well.

Proposition 1.1

Let (X, A, ) be a Lebesgue space, and let B be a c-algebra without atom, generated by a
countable family (By,)n,>1 of elements from A . Then for any finite partition P of X , measurable
with respect to A , there exists a o-algebra C without atom, independent of P , and generated
by a countable family of elements from B .

Proof. The construction of ' is divided into four steps as follows.

Step 1: Let P be an arbitrary element from .4 . We show that for any 6 €]0,1[ , there
exists A € B satisfying:

(1.4) n(A) =10
(1.5) wWAnP)=86-uP).

Let ¢ be the measurable decomposition generated by B, and let (X, A¢, ) be the factor
space of (X, A, ) with respect to ¢ . Denote by f the conditional y-measure of P with
respect to B . Then f can be regarded as a measurable map from X into [0,1] . According
to the remarks stated after (1.3) above, we know that (X, A¢, p¢) is isomorphic (mod 0) to the
ordinary Lebesgue space ([0, 1], £([0,1]), ) . Therefore we can restate step 1 as follows.

Step 1’: Let [ be a measurable function from [0, 1] into itself, and let # be an element
from ]0,1[ . Then we show that there exists A € £:= £([0,1]) satisfying:

(1.4%) AA) =140

(1.5%) Jofdx=10- f[o,l] fdi.

Let L, denote the family of all finite unions of intervals of total length # , and let £y denote
its closure in the topology generated by the metric d(A, B) = AM(AAB) for A,B € L. ltis

easily seen that £y ={ A€ L | \(A) =@ }, and since obviously L, is connected, then L, is
connected as well. Let us define a map ¢ from Ly into Ry by:

W(A) = g [, fdX

forall A € Ly, and let us put M = f[071] fdX\ . Then we claim that there exists A, € Ly
such that ¢(Ay) > M . Indeed, put B = f~'([M,1]) , and first suppose that A\(B) > 6 . Then
obviously we can take for the desired A4 any measurable A C B satisfying A(A) = 6 . Next
suppose A(B) < 6 ; then we can fix any measurable C C B¢ satisfying A(C) =60 — A(B) .
Put A, = BUC ;then A, € Ly, and we have:

%fmfd)‘:%(fod)‘JFM_chfd)‘)
1
g

> (M- M(B) + M — A\(C))



— (M—1)- W2BD g > gy

In a similar way we can find A_ € £y such that ¢(A_) < M . Since 1 is continuous, then
¥(Ly) 1is an interval, and the claim follows.

Step 2: Consider the case where P = {P, P°} ,and let A € B with p(A) > 0 be independent
of P . Then we claim, that for any 6 €]0, u(A)[ there exists B € B with B C A, independent
of P, such that p(B) =0 . Indeed, this fact follows straightforwardly by applying step 1 to the
Lebesgue space (A, tr(A, A), p(A)~1tr(p, A)) with the nonatomic o-algebra tr(B3, A) .

Step 3: Consider the case where P = {P, P} . Then we claim, that there exists a o-algebra
C without atom, independent of P , and generated by a countable family of elements from B .
Indeed, by using step 1 and step 2, we can recursively construct an increasing sequence of finite
partitions {C,}n,>1 of X whose elements are from B, such that:

(1.6) Each C, consists of 2" atoms of measure 27"
(1.7) Each atom in C,, is the union of two atoms from C,,4
(1.8) Each C, is independent of P .

Let C be the smallest o-algebra on X containing all the atoms of each partition C,, for n > 1.
Then by (1.6) and (1.7) we see that C is without atom, and by (1.8) we may easily verify that
C is independent of P . Thus the claim follows.

Step 4: Consider the general case where P = {P;,...,P,} . Then we claim, that we can
find the o-algebra C as it is stated in Proposition 1.1. For this, apply step 3 with the partition
P1={Pi,P{} and the o-algebra B . In this way, we can find a o-algebra C; without atom,
independent of P; , and generated by a countable family of elements from B . Then step 3 may
be applied with the partition Py = {P, Py} and the o-algebra C; . In this way we can find a
o-algebra Co without atom, generated by a countable family of elements from C; , independent of
Pa , and thus of P; U Py as well. Continuing in this way, we shall at the end obtain a o-algebra
C, without atom, generated by a countable family of elements from 5 , and independent of P .
The claim then follows with C = C,, . These facts complete the proof.

U

Corollary 1.2

Let (X, A, i) be a nonatomic Lebesgue space, let T be a measure-preserving transformation
of X ,let Fe A with u(F)> 0 be a given and fixed set, and let w; be a finite partition of
T_Z(F) with elements from A for all 0 <1 < n with some n > 1. Then for any v1,...,7, >0
with Y ¥ _ v =1 and p > 1, there exists a partition o = {Ay,..., Ay} of F with elements
from A such that:

p(T7H(A) N B) = - w(B)
forall 1 < k<p,al Bem,andall 0 <[ <n.

Proof. Applying Proposition 1.1 to the nonatomic Lebesgue space:

(F, tr(AF), u(F)_ltr(u,F))



with the partition 7y and the o-algebra tr(A, F) , we can find a countably generated o-algebra
Ao C tr(A, F) without atom and independent of 7wy with respect to 1(F)™'tr(u, F) . We proceed
by induction. Suppose that the o-algebra .A; is already constructed for some 0 <[ <n—1.
Then T—U*+1D(A4;) is a countably generated o-algebra without atom on T+ (F) | and we can
apply Proposition 1.1 to the Lebesgue space:

(T=EHD(F) (A T~EDE)) (B e (p, T-HD(F)))

with the partition 7,7 and the o-algebra 7-U*1D(4;) . In this way we get a countably
generated c-algebra Biyy C T _(l+1)(Al) without atom, independent of m;4; with respect
to pu(F)"tr(u, T-U+1D(F)) . Then we may define the countably generated o-algebra A;,; as
follows:

Ai={AeA | THFDUA) e By ).

The o-algebra A,_1 C tr(A, F') obtained at the end is clearly such one, that T—/(A,_1) is
independent of 7; with respect to pu(F) " Ytr(p, T7HF)) forall 0 <[ < n . Besides, as
it is without atom, we can find a partition o = { Ay,..., 4, } C A,—1 of F such that
w(F)~tu(Ay) = 4 forall 1 <k < p. Hence we get:

p(F) " (T~ (AR) 0 B) = pu(F) ' (T (AR)) - p(F) ™' u(B) = - n(F) ™' u(B)
forall 1<k<p,all Bemn,andall 0 <[ <n. This fact completes the proof.
O

Remark 1.3

We shall use Corollary 1.2 with n = NL and F being an (e, N L)-Kakutani-Rochlin set of
an aperiodic dynamical system (X, A, ;u,T), where ¢ >0 and N,L >1 with N > 1 being
even. Putting p = 2N/2 and 4, =272 forall 1<k <yp in this way we may conclude the
following: If F' € A is an (e, NL)-Kakutani-Rochlin set, and 7, is a finite partition of T~'(F)
with elements from A for all 0 <[ < NL , then there exists a finite partition « of F into
oNI2 sets from A such that:

p(T7HA) N B) =2"N2. (B)

forall A€ a,all Be m,andall 0 <[ < NL . It is instructive to observe that in this case
we have p(A) = 27N2u(F) forall Ae A .

2. The central limit theorem

Given a dynamical system (X, A, u,T) , we shall use CLT(u,T) to denote the set of all
functions [ € LQ(,u) with f f du = 0 satistfying the central limit theorem as stated in (1.1)
above. The main result of this section establishes that C LT (x,T) # () whenever T is aperiodic.
More precisely, we have:

Theorem 2.1
If (X, A, 1, T) is an aperiodic dynamical system, then there exists f € L*(u) with [fdu=0



satisfying the central limit theorem:

{xeX“lzgnllTjj;”l }H\/%/_uexp <_TQ}Q> dv

as n — oo, forall w e R .

Proof. Let N,K,L > 1 be given and fixed positive integers, such that N is even and
1<K <N isodd. Let FFe€ A bean (¢, NL)-Kakutani-Rochlin set, and let 7; be a finite
partition of 7~!(F) forall 0 <1 < NL . Then by Remark 1.3 there exists a partition « of
F into 2M/? sets from A satisfying:

(2.1) (TN B) =27N2. (B)

forall Aca,all Bem,andall 0 <[ < NL . The partition « can be written as follows:
a={ A(so,el,...,a‘%_l) | ;€ {—1,1} } .

Define a measurable function ¢* : F — {—1,1} by putting:

Pl x) =< , if r € Aleg,....e0,...,en_q)

2
for all 0 <[ < N/2 . Define a measurable function ¢(2/+5)(medN) . > £ 1 11 by putting:
9(21+K) (mod N) (I) — _gzz(@

forall € I and all 0 </ < N/2. In this way a function ¢': F — {—1,1} is defined for all
0 <! < N . Finally, we define a measurable function ¢: X — {—1,0,1} as follows:

g(x) = g/(TN*H(z)) , if 2 € T-UN*D(F) forsome 0<j <L and 0<I<N
glx) =0, if = ¢ Uy T7(F) .

We shall use S,,,(f)(x) to denote Z;n:_ol f(TJ(z)) whenever m >1 and x € X . In addition,
the following two facts on the Kakutani-Rochlin tower F, T~'(F),... T~NE+(F) instructively
clarify the entire construction and will be freely used below. Namely, we have:

2.2) T(F) C ( NI T‘l(F)> U TN (R
2.3) T(( {V:ﬁ‘lT—l(F))c) - ( NI T_Z(F)> UT-NLH(F) |
Both statements follow straightforwardly.

Lemma 2.2

Under the hypotheses stated above we have:

(2.4)  Random functions ¢°,¢2,....¢N"% | as well as random functions ¢*.g¢>,....q ,



are independent and identically distributed with respect to the probability measure
w(F) Ytr(u, F) . Moreover, we have:

p(F) " r(p, F) {g' =+1} =
forall 0 <1 < N.

(2.5) Random functions ¢ o T for 0 < i1 < K

restricted to T~'F) are independent
and identically distributed with respect to the probability measure ji(F) ™ tr(p, T~HF))
whenever K < | < NL . Moreover, we have:

W E)tr(p, T7HF) {go T =%1} = 3
forall 0 <1 < K .

(2.6)  Random function S,,(q) restricted to T~'(F) is independent of m with respect to the
probability measure ji(F)™'tr(j, T"/(F)) whenever 1 <m < N and N <1< NL
27) Let K <m < N—-—K and 0 <1 < N be given and fixed. Then there exists a set

JcC{0,1 ,m—1} of cardinality K—1, K or K+1 such that:

Y 9T (@) = Ty o(TH ()

whenever x € Ule T—IN+L(F) . Moreover, the random functions ¢ o T'*'  with
1 € J restricted to T_l(F ) are independent and identically distributed with respect to

the probability measure (F)™'tr(j, T-/(F)) . Moreover, we have:

p(F) Hr(u, T (F) {go T =+1} =1

forall v € J.
(2.8)  The following inequality is valid:
[Sm(g)(x)] < 2(K+ 1)
forall m > 1 and all x € X outside of a j1-null set.
(2.9

The following inequalities are valid:

(L=8)ym < ISm(g)ll} < (1+8)m

forall 1 <m <K ,with 6 - 0,if K(e+L™ " —0 when K,L — oo and = — 0
(like maps from N into N, resp. ]0,00[, as n — o0)

(2.10) The following inequalities are valid:

(1=6) K < [|Sm(g)ll; < (1+6) K

forall K <m < N—K ,with § —=0,if K+ L) —0 when K,L — oo and
e — 0 (like maps from N into N, resp.]0,00[, as n — o0)



Proof. (2.4): The statements follow straightforwardly by definition and the fact that by (2.1)
we have p(A) = 27N2u(F) forall A€ a .

(2.5): Letus fix K <[ < NL, then by definition we have g(T"%(z)) = g=9(mod N)(T!(z)) for
all x € T7YF) andall 0 <i < K . Hence we can easily verify that (goT° goT', ..., goTHK=1)
is equally distributed as (g1, +¢72, ..., +¢/%X) with a choice of signs + and for some (different)
JiyJ2, -, ik from {0,2,...,N—2} ( both depending on the given [ ). Thus the statements
follow straightforwardly by (2.4).

26): Let A={zecTYF) | g(I"(z))=¢; , VO<j<m} with some given and fixed
g€ {~1,1} for 0<j<m,andlet B€m.If o€ T7YF),then T/(x) € T~U=I)(F)
and thus by definition we have ¢(T7(z)) = g{/=9) (med N) (T'(x)) . Hence we easily find that
A = Ucep T=HC) for some subfamily 3 C « . Denote v; = p(F)  r(p, T7Y(F)) , then
by (2.1) we have:

(AN B) = v(Upes THC)N B) = Y cepu(T~HC) N B)
= () Y eep (T7HCY N B) = w(F) ™ Y0y 272 0(B) =
= w(F) ' Y eeg 27N u(F) - (F) ™ pu(B)
= Y cep t(F) " u(T7HC)) - (F) ' u(B)
= Y oesvi(T7HC)) - u(B) = w(A) - u(B) .

This fact easily completes the proof of (2.6).

(2.7): We shall verify the case where [ = 0 and x € T~V*!(F) . Other cases follow in
exactly the same manner by using periodicity in the definition of ¢ . If m = K or K+ 1, there
is nothing to be proved. Thus consider the case where K +2 < m < N—K , and look at any odd
number p satisfying K <p<m . Then p =25+ K for some j > 0, and therefore members
of the sum Z;’;Bl g(T%(x)) , which correspond to indices 2j and 2j+K , cancel. Arguing in this
way for any odd number between /& and m , we may cancel m—K , m—K +1 or m—K -1
indices (depending on m and K) . Doing so, at the end we will have only those go T which
are independent with respect to u(F)~'¢tr(u, F) . These facts complete the proof of (2.7).

(2.8): By definition of ¢ we easily find that Zl 0 Lg(T!z)) = 0 whenever =z €
Ule T—IN+1(F) . Therefore by (2.2)+(2.3) and the definition of ¢ we may conclude:

Smlg)(@) = X070 g™ (y) + Sh_g 97+ (=)

for all » € X outside of a y-null set, with some y,z € F', some 0 < p,g < K+ 1, and
some 0 < ig,...,%-1,J0,---,Jg—1 < IN , where the corresponding term on the right-hand side
equals zero if p or ¢ equals zero. Hence the claim follows straightforwardly by the fact that
| ¢!(x) |<1 forall x € X andall 0 <[ < N .

2.9): Let G = THF) | then pu(G) = N(L—1)u(F) > N(L—1)(1—)N~1L7! >
1—c—L~" . Thus we have:

912 dp < m2u(Ge) < mAe +L71) .

2.11) [ IS



On the other hand we have:
NL 1
(2.12) Jo 1 Smlg) I* dp = Jr-ipy 1Sm(9) | du

Fix N <[l < NL . Since m < K , then by (2.5) above the functions g o T for 0<i<m
restricted to T~!(F) are independent with respect to p(F) ™ tr(p, T~/(F)) and we have:

(2.13) Sy 9(TH @) wlda) = [y g7 (TH ) pu(da)

= [p gt N2y p(dar) = 0.
Thus we get:

(2.14) ey 1 Sm() [P di = 32050 iy Lg(TH () Pau(da) = mpn(F) .
Now by (2.11), (2.12) and (2.14) we easily conclude:
1Sm (DI = Jge | Smla) I? du+ [ | Smlg) |* du
<m (s—i-L_ YA+ NL—Dmu(F) <m?c+ L H4+m
<m(1+ K+ L7Y) .

Moreover, by (2.12) and (2.14) we get:
1Sm()))Z > N(L = 1)m u(F) > N(L —1)m (1 —e) N~' L~

These facts complete the proof of (2.9).

(2.10): Let G = U{\f%\] 'T=1(F) , then as above u(G) > 1—e—L~! . Thus by (2.8) we have:

)12 dp < 4(K +1)2u(G°) < 4K +1)%* e+ L71) .

(2.15) Joe IS

On the other hand we have:
NL—1
(2.16) fG |Sm(g) |2 dp = =N Jr-1(p) |Sm(9) |2 d

Fix N <[ < NL,and define /"= N —1—1 for some j > 2 insuch away that 0 <!’ < N,
Denote by .J the set of all indices determined by (2.7) being applied to m , [/ and T/N*+(F) |
Let = € T7!(F) be a point for which there exists y € TINTL(F) satisfying T (y) = z .
Then by (2.7) we have:

(2.17) Sm(9)(@) = 00 g(TH (@) = Cies 9T (1) = Yy 9(TiH(2)) .

Since T is measure-preserving, the set of all x’s from T _l(F ) satisfying the property stated
above has the p-outer measure equal to p(F') . But the functions on the left and right-hand side
of (2.17) are measurable, and thus (2.17) remains valid for p-aa. =z € T~ (F') . Moreover, by
(2.7) we may easily conclude that the functions g o T? for i € .J restricted to T—!(F) are



independent with respect to p(F) ™ tr(u, T/(F)) . Therefore by (2.13) we get:
(2.18) fT—l(F) | Sw(9) |? dp = >ier fT—l(F) [g(T"(x)) ] (d)
=card (J) - w(F) < (K + 1) u(F) .
Now by (2.15), (2.16) and (2.18) we easily conclude:
1Sm(DlF = Joe 1Sml9) 12 du+ [ | Smlg) |? du
<YK+ 1) e+ L7H+ N(L—1) (K +1) u(F)
Ple+ LN+ (K+1)
A1+ K Y2 K@Ee+ LY+ K1),

< 4K +1

_|_
=K(1+

Moreover, by (2.16) and (2.18) we get:

[Sm(D)Ilz > N(L = 1) (K = 1) u(F) > N(L = 1) (K = 1) (1 =) N"'L~*
—(K-1)(1-LY(1-e)>K(1—e—K'=L'—e K~1L71) |

These facts complete the proof of Lemma 2.2
O

To conclude the preliminary part of the proof let us notice that by (2.4) in Lemma 2.2 we have:

(2.19) fXg dp = NL ! fT p(dx) = NL ! fT Wy 9 (mOdN)<TZ(I>> p(dz)
NL 1fF modN (dI) =0.

We proceed by constructing a function f satisfying the statement of the theorem.

Let {Ny}n>1, {Kn}n>1 and {L,},>1 be increasing sequences of positive integers with N,
being even and 0 < K, < N,, being odd for all n > 1. Let {s,},>1 be a decreasing sequence
of positive real numbers converging to zero, and let F,, be an (., N, L, )-Kakutani-Rochlin set
for every n > 1 . According to the preceding construction and statement (2.6) in Lemma 2.2
we may conclude, that for each n > 1 there exists a measurable function ¢, from X into
{—1,0,1} such that S,,(g,) restricted to T~/(F) is independent of the partition generated by
{gn10T" | 0<i< N,} with respect to the probability measure (F,)~ tr(p, T~Y(F,)) for
all 1 <m < N, andall N, <[ < N,L, with gg being zero. In addition we assume that
the given numbers satisfy the following four conditions:

(2.20) K, < 27'N,_1 (¥n>1)

(2.21) Kp(en+ L) — 0 (n— 00)
(2.22) ﬁ > jen @i — 0 (n— o0)
(2.23) ‘/Af?zpn aj = 0 (n—o00).
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It is instructive to observe that by (2.23) we have (a;) € [y, and thus (a;) € Iy as well. Hence by
(2.19) and the fact that |g,| < 1 forall n > 1 we easily find that f € L*(u) and [ f du=0.

Remark 2.3

Conditions (2.22) and (2.23) may seem to exclude each other. In order to show that (2.20)-
(2.23) can be satisfied, we may proceed as follows:

Step 1: First choose {an}n>1 and {K,},>1 to satisfy (2.22) and (2.23). For example,
put a; = 27! and a, = (a,—1)* forall n > 1, andlet K, = (a,)™* forall n > 1.
Then (2.22) and (2.23) become:

(2.22%) U Y icp (4)7% = 0 (n — o0)
(2.23%) (an)™? Y jsntj = 0 (n—o00)

which is easily verified, since {a;};>1 is decreasing fast enough.

Step 2: In this step K,,’s are already given, so choose N,’s to satisfy (2.20), and choose
en’s (small enough) and L,’s (large enough) to satisfy (2.21). This completes the choice.

In addition we shall introduce an auxiliary sequence that will be of a vital importance in the
rest. Given m > 1, we define n,, =sup{n>1 | K, <m } . Further, we denote:

fm = Uy Yy + gy +19n,,+1  and Ay = R’nm’anmp +m ’anm—l—l’z
for all m > 1 . Then we have:

Lemma 2.4

Under the hypotheses stated above we have:

@24 7 Il —

as m — o0 . Moreover, we have:
(2.25) T 15m(f) = Sim(fim) ||, — 0

as m — o0 .

Proof. (2.24): Fix m > 1 and put G =J,_'% Nom 1 Lonm 41 =1 - {(F,,+1) , then we have:

N1

(2.26) 1S (o)l < 2 frel Son(tiny, g ) 2dit+ 2 [ S, 419, 1) |2dpt +
+ Jol Sl fm) [Pdpe .

By (2.8) in Lemma 2.2 we easily find:

(2.27) Jee[ Sm(an, gn,) Pdp < 2 an,, [*(Kp,, + 1)*1(G°)

<38 ‘anm ‘QI(nm 'R’nm—i—l(gnm—kl + L;jﬂ_l) .

11



Moreover, since |g,| < 1 for all n > 1, then we have:

(2.28) Jeel Sl +19n,+1) P < lan,+1> m* p(G€)

< Jan,11]* m - [‘nm+1(5nm+1+Ln 1) -

Since by definition m < K, +1 < Np,,+1 , then by construction Sy, (an,, +1gn,,+1) restricted to
T~YF,,+1) is independent of S, (an,, gn, ) Wwith respect to p(Fy, 1) " r(p, T=YF,, +1)) for
all Ny, 41 <1< N, +1L,, +1 . Moreover it is easily verified that by definition and (2.20) we
have K, < m < N, — K, . Therefore (2.10) in Lemma 2.2 may be applied. In this way by
(2.19), and (2.9)+(2.10) in Lemma 2.2 with (2.21), we get:

229)  fol Smnl(fin) Pelpr = S5 Lo T

77, +1

(anmgnm) + Sm(@nm+1gnm+1> ]Qdﬂ

n+1

= S et S, g P+ [, [Sm(@n, 100,41 2dp
< S, G )|IZ + HSm(aangan)Hf < Nan, |*Kn, (1 + &) + |an, +1)> m (148"
where &' v ¢ — 0 as m — oo . Moreover, by (2.25)-(2.29) we get:
(2.30)  ||Sm(fu)lI2 < K, lan, |2 6/2 +m |an, 4112 - §/2 4+ An(l +6/2) = Ap(1+6) .

where 6 =32 (6' vV 6"V Ky, v1(en, 1 + L, ' 1)) =0 as m — oo . On the other hand by the
independence, (2.27)+(2.28), and (2.9)+(2.10) in Lemma 2.2 with (2.20)+(2.21), we similarly get:

@30 (1S (fa)lI2 > [l Smlfom) Pdp > [l Smlan,, gn,) Pdp+ [l Sml@n, 119n,4+1) Pdp
= 1S )12 + (1Sm (@1 s D2 = [l Smltn,, gn,. ) Pdu—
— Jeel Smln, 4190, +1) Pdp > lan, |*Kn,, (1 = &) + |an, 1117 m (1 = 6")—
—8 |t [P K K1 (Enntt + Lyt 1) = [t [P m - Koyt (St + Lyt 1)
> Jan 2K (1= 8/2) + [am, 1 [2m (1= 6/2) — Ko |an. [2-6/2 — m [an, 1|2 - 6/2
— An(1 = 6)

where 6 =16(8'V 6"V Ky, +1(gn,,+1+ LT_L:LH)) — 0 for m — oo . Thus the statement follows
straightforwardly by (2.30)+(2.31), and the proof of (2.24) is complete.

(2.25): We have already noticed that by (2.20) above we have K, <m < N, — K,  for
all m > 1. Thus (2.10) in Lemma 2.2 may be applied. In this way we get:

\/%—m HSm(f) - Sm(fm)HQ \/— an_l 1S (@ngn)ll2 + \/— Zn nm+1 S (@ngn)ll2
S\/—Z (An+1>an+\/_2nn+2m n

\/—Z m an[xn+ \/:1 Z;O:nmwan

| /\
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\/7 Zn 1 an[‘n + an "T::Fl Zzo:nm-l—? n

being valid for all m > 1 . By (2.22) and (2.23) above the right-hand side tends to zero as

m — oo . This fact completes the proof of (2.25). 0

Let us put X,;, = Sin(f)/||Sm(f)]2 and Vi, = Spo(fim)/v/ A for m > 1, andlet ¢, and
¢y, denote the characteristic function of X,, and Y, respectively, for all m > 1. Then by
(2.24) and (2.25) in Lemma 2.4 we may easily conclude that X,, —Y,, — 0 in L?*(u) as m — 0o .
Therefore we have ¢, () — ¢, (t) =0 as m — oo, forall ¢t € R. Thus by the continuity
theorem the main proof will be completed as soon as we show that ¢, (1) — exp (—t?/2) as
m — oo , for all ¢ € R . This fact is established in the next lemma.

Lemma 2.5

Under the hypotheses stated above we have:

E exp (z’t S’&%) ) — exp (—t%/2)

as m — oo, forall t € R .

Proof. Let ¢t € R be given and fixed. Put G = |, "]\';:;i‘m“ "TUF, 1) for m>1.
Since p(G) — 1 as m — oo, we may be concerned only with the integration over G and proceed
as follows. Denote v; = p(Fy,, 1) tr(p, T4 Fp, +1)) forall N, 41 <1< N, 1L, 1 with
m > 1. As in the proof of Lemma 2.4 we may conclude that S,,(ayn, +19n,,+1) Trestricted to
T_Z(an+1) is independent of Sy, (an,, gn,,) Withrespectto v; forall N, 41 <1< N, 41ln, +1

with m > 1 . Hence we get:

) €XD (z't Smf{\/%) ) dv;

= Zz o w4 - fol(anJrl) exp (” (f/A—j : ) dv -

nm+1

232) [y exp (it Z2nlydp = St TR, ) f

Nnp 41 Frpt1)

.fT_l(an-H) exp (it Sm(a":;%f"m“) ) dv;
being valid for all m > 1. Since m < K, 41 , then by (2.5) in Lemma 2.2 we see that the
random functions g, 4107 i for 0 <i<m restricted to T _l(anH) are independent and
identically distributed with respect to 1; for all N, 11 <[l < N, 41Ly,+1 with m > 1.
Moreover, we have v;{ gn,, +1 © T = +1}=1/2 forall 0 <i<m with m > 1. Thus by
Berry-Esséen’s theorem, see [3] (p.542), we may conclude:

S gn,,+1)(x) 1 b —?
S S e e

forall N, 4+1 << N, _4+1L,,+1 with m > 1. Hence we can deduce:

sup | v { e T Y Fy 41) |

ueER

3
<
J— \/m

(233) fT—l(an_H) exp (Zt Sm(an%nm-&-l) ) dVl = exp ( 1 m |a2::+1| 2 ) 4 T];n

forall N, +1 <1< Ny, 4+1Ln,+1 with m > 1, where 5, — 0 as m — oo . Moreover,
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it may be worthwhile to mention that this statement follows even more directly by the fact that
the pointwise convergence of a sequence of characteristic functions to a characteristic function is
uniform over every bounded interval. (This fact in turn relies upon Prohorov’s theorem and the
continuity theorem). Indeed, having this it is enough to notice that |m |an,,+1|?/Am| < 1 for
all m > 1, and then apply the preceding fact to the interval [—t,¢] by using the central
limit theorem and the continuity theorem. However, note that, even though it is irrelevant for our
purposes, in this way we get 71/, = n..(¢) . As an alternative proof of (2.33) we can also recall
that sup,cr | Fu(z) — F(z) |— 0 as n — oo, provided that F,,(x) — F(x) forall z € R as
n — oo and F' is continuous, and sup,eg | Frn(z) — F(z) |- 0 as n — oo, if and only if
supier | ¢n(t) —@(t) | = 0 as n — oo . Here F,, and F are distribution functions, and ¢,
and ¢ are associated characteristic functions for n > 1 . Now by (2.32) and (2.33) we get:

(2.34) fG exp(zt \/(_)>dlu— <€Xp< 1””‘1;17m+1| t2)+77m ) . ( fGeXp(itsm(?/nAm_jnm)>du>

being valid for m > 1, where 7, — 0 as m — oo . Repeating the similar procedure for
the n,, level instead of the level n,, + 1 , and using the fact that by (2.20) above we have
K, < m < N, — K, , according to which by (2.7) in Lemma 2.2 we can extract from
the sequence { gn, oT" | 0 < i < m} a subsequence of cardinality K, — 1, K,, K or
K, + 1 containing functions which are, being restricted to 7' _Z(an) , mutually independent
and identically distributed with respect to p; := ju(F,,, )~ 'tr(u, T~'(F,,,)) , and taking values +1
with probability 1/2 , where N, <1l < N, L, , we obtain:

(2.35) fT exp(it%)dm = exp(—%%ﬂ)%—nﬁl

for al N, <[ < N, L, with m > 1, where 7/ — oo as m — oo . Put
H = Uzj\gﬁfnm_l T=U(F,,) for m > 1. Then it is easily verified that u(GAH) — 0 as
m — oo . Hence by (2.34) and (2.35) we may conclude:

2.36) [, exp(itsyg_:))dﬂz<exp< L mlosnal t2>+%>.
.(fHeXp<it*%(a+\/?n_mgw)>du+5m>
= ((exp (= el ) e, ) o ((exp (= § Sfeok 2) ol ) - pu(H) + 60

where 7, — 0,6, — 0,7, — 0, u(G) — 1 and pu(H) — 1 as m — oo . Thus letting
m — oo 1In (2.36) we get:

[exp (it ﬁ) Jdp — exp (—t2/2)

as m — oo , for all ¢+ € R . This fact completes the proofs of Lemma 2.5 and Theorem 2.1
OO

3. The central limit theorem for orbits

Throughout the whole section we suppose that (X, A, 1, T) is a given aperiodic dynamical
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system. We recall that C'LT(u, T) denote the set of all functions f € L?(u) with [ f du=0
satisfying the central limit theorem as stated in (1.1) above. According to Theorem 2.1 we have
CLT(u,T)# 0 . Given f € CLT(u,T) we denote Orb(f)={ foT/ | 5 >0} . The set
Orb (f) is called the orbit of f . The smallest linear subspace of L?(y) containing O7b (f)
is denoted by span (Orb (f)) . The main aim of this section is to investigate the central limit
theorems involving elements of span (Orb(f)) . It turns out that a complete description of weak
Gaussian limits in this case can be obtained. The result is presented in Theorem 3.3 below and
then extended in Theorem 3.5 below. The proof relies upon the next two lemmas which are also of
interest in themselves. We clarify that Ny(;,T') denote the d-dimensional Gaussian distribution
with mean vector ;¢ and covariance matrix I'. Symbol 1 denotes the matrix having all entries
equal to 1. We begin as follows.

Lemma 3.1
Let f € L*(;) be an arbitraryfunction and let f1, . fd € Orb(f) be arbitrary elements
for some d > 1. Put Ay = [|Su(f)Pdu and An(a) = [|Sm( 22:1 apfr) |Pdu for all
a=(ag,...,aq) € RY and m > 1. Suppose that A,, — oo as m — oo . Then we have:
d
3.1 —_— HS (Cforanfe) = Sl (Ciion) Pl —0
Zk =1k
Am(a) d
(3.2) ¥z el DO SRS
as m — oo, forall o= (a1,...,aq) € R with Zizlak #0.
Proof. Let a = (aq,...,aq) € R? with Zizlak # 0 be given and fixed. It is no restriction
to assume that f1 = fodPt | fo=fodP2 ... fy=fodP? forsome 0<p; <p2<...<Dpg.

Then we have:

S (i) = S ((Sisjan) - f) =
Zzﬂak(Z;:ol foTitr — Z;n:_ol folil) =
Zk 1ak(zm+p’” Leoqi— Zpk 1 o T7)

being valid for all m > 1, where the first term of the first sum in the last line reads zero in the
case p; when equals zero. Hence we get:

(3.3) [Sm (X fie) = S ((Cpmyon) - )|y < 25k ekl i [1£112

for all m > 1. Thus (3.1) follows straightforwardly by the fact that A,, — 0 as m — oo .
Moreover (3.2) is an immediate consequence of (3.1). The proof is complete.

l
Lemma 3.2
Let f € CLT(u,T) be an arbitrary function, and let f1,.. ,fa € Orb(f) be arbitrary
elements for some d > 1. Put Ay = [|Sm(f)Pdp and Apm(a) = [ | Sm( 22:1 arfr) 2dp for
all o= (aq,...,aq) € R? and m > 1. Suppose that A,, — o0 as m — oo . Then we have:
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(3.4) \/ﬁ S (X anfe) = N(0,1)

35 A= Sa(Timanf) = N i)
as m — oo, forall o= (a1,...,aq) € R with Zizlak #0.

Proof. Let o = (a1,...,ay) € R? with 22:10% # 0 be given and fixed. Then by (3.1)
in Lemma 3.1 we easily find:

d
/exp(z’t fg%i:ﬁg%)du —/exp(it%)du%O

as m — oo, forall £ € R . Thus (3.4) follows by the continuity theorem and the fact that
f€CLT(u, T) . Moreover (3.5) follows straightforwardly by (3.4) and (3.2) in Lemma 3.1. The
proof is complete.

O
Theorem 3.3

Let f € CLT(u,T) be an arbitrary function, and let fi,...,fq € Orb(f) be arbitrary
elements for some d > 1. Denote F = (fi,...,f4), and put Ay, = []Sn(f) 2dp for all
m > 1. Suppose that A,, — oo as m — oo . Then we have:

(3.6) 7= Sm(F) = Nyg(0,1)
as m — oo . More generally, suppose that f1,..., fq € span(Orb(f)) are arbitrary elements.

Then we have:

fo = ity o1t

for some fik € Orb(f) and ﬁf eR with 1 <i< Ny and 1 <k <d. Suppose moreover that
Z;N:’“lﬁf #0 forall 1 <k <d, and that A,, — oo as m — oo . Then we have:

(3.7 7= Sm(F) = Na(0,T)

as m — oo, where T = (Ty),4_, is given by:

U = (Zf\[:'ﬁﬁik)'(ZZN:llﬁf)
forall 1 < kI < d.

Proof. First we prove (3.6). Since the set D = { (ay,...,aq) € R? | Zizlak #0} is
dense in R? , then by the continuity theorem it suffices to show:

(3.8) /exp(i%)du%/exp(ia.)()du

forall a« € D,as m — oo, where X = (X,X,...,X) with X ~ N(0,1) . Again by the
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continuity theorem, for (3.6) it is enough to show that:

(3.9) a'%> e X

forall o« € D, as m — oo . Notice that we have:

0 Sm = Sn(XCimonfn) . o X = (Ch o) X

forall a = (aj,...,aq) € R? and all m > 1. Hence we see that for (3.9) it suffices to show that:
d ~ d

(3.10) \/%—m S (P g1k fr) — Qpmron) X

forall o= (aq,...,aq) € D,as m — oo . However it is precisely the statement (3.5) in Lemma

3.2. Thus (3.8)-(3.10) is valid, and the proof of (3.6) is complete.

Next we prove (3.7). We use the same argument as for (3.6). In this way we obtain that it
suffices to show that:

d ~ d
(3.11) \/%—m S (D pm1 @ fr) — D pm1 kX
for all o = (ay,...,aq) that belong to a dense subset D of R ,as m — oo , where
X = (X1,...,Xy) ~ Ng0,T) . Notice that we have:
(3.12) S (L1 fr) = Yimy i cnlfF

for al o = (a1,...,aq) € R and all m > 1. Choose D to be the set of all
o = (a1,...,04) € R? such that 22:1 25\21 akﬂf # 0. Then D is dense in R? .
Hence by (3.2) and (3.5) in Lemma 3.2 we get:

~

V%_m S (S i) — (Shoy iy anBl) X

as m — oo, with X ~ N(0,1) . Thus (3.11) follows with X} = (vaz’”l BEY X for all
1 <k < d, and the proof of (3.7) is complete. These facts complete the proof of the theorem.

Example 3.4

Let (X, A, u,T) beequalto (SN, AN N ) with S={-1,1},A=2%,v{£1} =1/2
and 4 (sy,52,...) = (s9,53,...) for (s1,52,...) € SN . Then T is strongly mixing, and thus
aperiodic as well. Let f be the projection onto the first coordinate. Then fo717 =¢; form a
Rademacher sequence for j > 1. By the classical central limit theorem we have:

m—1

C T () —1 ~
=0 1 m

Jm—l . — g &4 > N 07 1
I i, VT 2j=0 (0,1)

as m — oo . Thus f & CLT(u,T) . However, if we put g = f — foT , then we have:

ST, Tel) ) 2
I gl 75 (1 —em) ~ 5 (21 +29) » N(0,07)
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for all m > 1 and any o2 > 0. Therefore g ¢ CLT(;,T) . Hence we see that the results of
Lemma 3.1, Lemma 3.2 and Theorem 3.3 are as optimal as possible in general.

A close look at the method of the proof of Theorem 3.3, through Lemma 3.1 and Lemma 3.2,
shows that these results might be generalized in the number of elements in the orbit being involved.
The result can be formulated into two steps as is shown in the next theorem. We clarify that
S oo Yk fr stands for the L2(y)-limit of ;" vifr as m — oo whenever (e)p2,€ 1 and
fr € Orb(f) for k>1 with f & L?(;) . Notice that under these circumstances the limit exists.

Theorem 3.5

Let f € CLT(u,T) be an arbitrary function, and let f, = f o TP* € Orb(f) be arbitrary
elements for some pp > 0 with k > 1. Let ()32, € 1 satisfying:

(3.13) S ey ok pe < o0

(3.14) S ay #£ 0.

Put A = [|Sm(f)Pdp and Ap(a) = [|Sm(X ey cnfi)|*dp for all m > 1. Suppose that
Ay — o0 as m — oo . Then we have

(3.15) Zoo Vo [Sm Cpzianfi) = Sm( (pzion) - f )], — 0O

(3.16) I — | Y

(3.17) i Sn(Eianfe) = N(0.1)

(3.18) 7 Sm(CiZionfe) — N(O, | 52 0k f)

as m — oo . More generally, suppose that:
fe = Zf; ﬁf fik

for some fF = fOTpf € Orb(f) with p¥ >0 and (BF)2, €l for 1 <k <d and i > 1.
Suppose moreover that:

(319 S 6H Bt < oo
(3.20) S B #0
forall 1 <k < d. Denote F = (fi,...,fq), and suppose that A,, — oo as m — oo .

Then we have:

(3.21) S (F) = Ny0,T)

T
3

as m — oo, where T = (Ty),4_, is given by:
Pr = (Zf;ﬂzk)(Zf;ﬁzl)
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forall 1 < kI < d.

Proof. We point out (3.3) in the proof of Lemma 3.1 in order to understand how conditions
(3.13) and (3.19) come into the presence. The rest of the proof can be carried out along the lines

of the proofs of Lemma 3.1, Lemma 3.2 and Theorem 3.3. We shall omit the details.
O

4. The central limit theorem and regularity of summability methods

The existence of a multidimensional central limit theorem for aperiodic dynamical systems
has some interesting consequences to the study of regularity of summability methods in the
corresponding function spaces. This section presents basic ideas and facts in this direction with
the aim to motivate the investigation of the multidimensional central limit theorem for dynamical
systems in general. The regularity of summability methods is studied via GB and GC sets. Therefore
we briefly recall this concept. A non-empty subset L of a Hilbert space H is called a GB (resp.
GC) set in H , if the isonormal process of H has a version which is sample bounded (resp.
continuous) on L . Recall that the isonormal process of H is a centered Gaussian process indexed
by H and having the covariance function given by the scalar product of [ . These properties
can be characterized in terms of majorizing measures, analyzing the local scattering of L , as well
as in terms of metric entropy, see [8]. Throughout the whole section we suppose that (X, A, 1, T)
is a given aperiodic dynamical system. We begin by explaining the basic idea and result.

Let A = (ay%)nk>1 be an infinite real matrix with row vectors a, = (a,x)k>1 for n>1 .
Suppose that for every n > 1 a linear operator A, on LP(;) may be well defined by:

(4.1) An(f) = Y02  anpf o T

for all f € LP(u) with some 1 < p < oo . Suppose for a moment that 7 is an ergodic
automorphism. Then it is shown in [14] that the regularity of the summability method defined by
means of { A, | n > 1} is strongly related to the GB property of the set o = {a, |n>1}.
For instance, it is shown that under certain regularity assumptions we have that o is a GB set
in Iy whenever the condition is satisfied:

4.2) sup,>1 [An(f)| < oo p-aa.

for all f € LP(u) , see Theorem 7.7 and Theorem 7.8 in [14]. A close look into the proofs of
these results shows that the ergodicity of 7' plays a vitally important role. It indicates that a
quite different approach should be taken into account in the case where 7' is not longer supposed
to be ergodic, the reason being that we can not longer work with the so-called Stein’s elements
defined as follows:

(4.3) Fry = %ngj%'(f © Tj)

where f € L*(u) and J > 1, and where (g;);>1 is an orthogaussian sequence defined on a
possibly different probability space. Thus in order to make things working in the non-ergodic case,
we have to find a substitute for Stein’s elements. It is precisely at this point that a multidimensional
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central limit theorem could be of use. The result may be stated as follows. We clarify that Sm(f)
stands for Z;”:_Olf oT/ whenever f € L?() and m > 1.

Theorem 4.1

Let A = (an)nk>1 be an infinite real matrix with row vectors a, = (an)p>1 being from
liv for n > 1. Let {A, | n > 1} be a sequence of linear operators on L*(y) defined by
(4.1) above. Suppose that there exists a function f € L*(y) and a positive definite symmetric real
matrix ' = (I'y)pi>1 such that:

(A1) S(A(F) )~ .
(4.4) (TSR, B ) = N (0, (T i)

as m — oo forall p>1. Let X ={X, | n>1} bea centered Gaussian sequence with
covariance matrix 1" . If the condition is satisfied:

4.5) sup,>1 |An(f)| < oo p-a.a.
forall f € L*(pn), then X is sample bounded.

Proof. Since a, belongsto [; , then A, is a well-defined continuous linear operator on
L2(u) for all » > 1. In particular, every A,, is continuous in p-measure for n > 1, see [14].
Put Zp, = Sm(An(f)) forall m,n > 1. Then we have:

T = S An(f) o TF = S (S50 e f 0 T ) 0 T
= S (R tnkf o TV o Th) = ST AL (f o T9) = Ap(Su(f))

for all m,n > 1. Hence by (4.5) and Banach’s principle there exists a number C' > 0 large
enough to satisfy:

IN
2| —

Z n m,n
M{wm@@wé<ﬁ >C}<ﬁ%“”@lﬁ(ﬂ|>c}
for all m,p > 1. Letting m — oo and using (4.4), and then letting p — oo we obtain:
p{sup,s; |Xp| >C} <4

Thus the claim follows by the zero-one law for Gaussian sequences. This fact completes the proof.
0
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